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Angoranua—lzaaraeTcs SHTPONMAHEIA METOJ ONpPEReNeHIA JUCCUIIANN DHEPTHN B MIOTOKE

ABMAYINENHCA KugkocTH. [laeTcA MeTOOMKA PACUéTa TPAHC3BYKOBOIO agnafaTH4ecKoro

TedennA. Ha 0CHOBaHNM CONOCTaBIEHNA PACYETHEIX PEBYIBTATOB M JAHHKIX OITHITA IIOKA3KIBA-

€TCA, YTO NMPEANOCHIIKY, JeKallue B OCHOBE TeOPHM, XOPOMIO IMOATBEPKIAIOTCA B TPAHCABY-

KOBOIt o0nacTnm TedeHua. OTmedaercs m obcysmaerca addext saryxanua TypOyIeHTHOCTH

Opu IIepexofie uYepes CKOPOCTh B3BYyKa. IaiaraercAd MeTOXUKA ONPENEJEeHMA TOJLHHBL
BHITECHEHMA IO JIAHHHIM OJHOMEPHHBIX IPOXYBOK.

NOMENCLATURE
a, velocity of sound;
e, base of naturallogarithm;
F, cross sectional area of
channel;
_F dimensionless cross sec-
f= F;’ tional channel area;
k, index of an adiabatic
line;
1/(k-1)
K= (k—-z*—_—l) , dimensionless factor;
Iy, friction work;
D, pressure;
S, entropy;
w, velocity;
X, co-ordinate;
X, dimensionless  co-ordi-
nate.

Greek symbols

8%, attenuation thickness;
w . . .
A= o dimensionless velocity ;
*
do .
=, coefficient;
T ©
P density;
_ T dimensionless tempera-
T T, ture;
§ . .
c=p dimensionless entropy;

= fArt/ k=D dimensionless function.

Suffixes
s, isentropic process;
*s critical cross section;
0, initial state.

1. PRELIMINARY REMARKS
THE internal problem in gas dynamics, in general,
consists in determining the laws of change in
parameters of the medium moving along a
channel under the influence of external forces.
This problem is a very complicated one. Even in
the simplest case of the stationary process when
the energy exchange is absent (stationary
adiabatic flow along a channel with fixed walls)
the analytical investigation involves some diffi-
culties which are almost insuperable. Under
conditions investigated, the problem in principle
reduces to establishing consistency between the
spatial change of parameters of a medium and
the known geometry of the channel. However,
the situation is complicated to the greatest degree

. by the fact that this consistency does not reveal

itself distinctly since the geometric effect is
superimposed by dissipative effects, the intensity
of which depends on the state of the moving
medium. A fixed wall is a primary source of
energy dissipation. The disturbances propagate
into the flow due to an appropriate mechanism
conditioned by the internal interaction of the
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elements of a moving liquid. A very complicated
spatial pattern of flow resuits. This is the object
of the present study. Considerable simplification
may be achieved by substitution of this pattern
by a one-dimensional scheme. The one-dimen-
sional model of flow, the nature of which is
connected with the idea of localization of all the
dissipative effects directly on the surface of a
wall, deviates considerably from real conditions
of a flow. However, as is known, one-dimensional
representation turns out to be very rewarding in
investigations of many internal gas dynamic
problems.

Within the limits of one-dimensional problems
the intensity of dissipative effects is described in
summary form in terms of a specific quantity
namely the coefficient of resistance (or the co-
efficient of friction with which it is closely tied).
Physically, this quantity is a measure of the ratio
of energy, dissipated over an elementary portion
of a channel (and related to dimensionless unit of
its length), to the kinetic energy of the moving
medium in the given section. The resistance
coefficient is marked for the great simplicity of
both its concept and of the character of opera-
tions, when applied to constant density fluids.
As a characteristic of a gas dynamic flow, how-
ever, this quantity is expressed through the con-
cept which is not free from unfavourable
conditions which lead to fairly complicated
experimental and numerical procedures. Never-
theless, the resistance coefficient is widely used
as one of the basic values in theoretical investiga-
tions and engineering calculations dealing with
a liquid motion of variable density. If only
adiabatic flows are taken into account, and
consequently, the rdle played by the resistance
coefficient in the modern theory of convective
heat transfer is not considered, the main reason
why this concept has endured should be sought
in the fact that for a channel with the given
surface roughness the resistance coefficient may
be taken as a value depending on the Reynolds
number alone (at least, at velocities of flow not
greatly exceeding the velocity of sound). As a
matter of fact, it means that the influence of
compressibility on the intensity of energy dissipa-
tion may be neglected. Formally it means that
one may take into consideration a constant value
of the resistance coefficient, since it is a weak
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function cf the Reynolds number, varying but
slightly over the length of a channel. It is easy to
see the advantages gained due to this circum-
stance. However, at present one may consider
it to be quite established that at flow velocities
close to sonic the resistance coefficients start to
decrease noticeably [1, 2]. Such changes are very
marked directly in the transonic region. In any
case we deal here with effects which cannot be-
neglected.

Thus, when studying near-sonic flow regions
one has to face new circumstances which cast
doubt on the expediency of preserving the
system of investigation based on the concept of
the resistance coefficient, other more effective
methods of approach to energy dissipation must
be evolved. When considering the possibilities
which arise in this case, we take as a starting-
point the notion that in some way or other it is
expedient to associate the problem studied with
the entropy concept, a single moving-medium
parameter of state, change of which may be
related to the amount of dissipated energy (since
energy dissipation is a single, physically possible
reason for entropy change under the conditions of
an adiabatic process). This approach is based on
very general concepts. However, one may in-
deed go further by considering the flows investi-
gated to have velocities which differ but slightly
from sonic. A quite different picture of entropy
change, on the one hand, and of change in other
moving-medium parameters, on the other, over
the length of a channel, is a highly characteristic
feature for this region of flow. Indeed, a sharp
increase in the intensity with which all the
parameters (velocity, pressure, temperature and
density) change over the length is one of the
main effects arising as sonic velocity is
approached. Entropy is an exception, as it
continues to increase at constant rate along a
flow. Thus, within the region of flows which
interested us, an entropy change along the axis
of a channel is slow as compared to the change
of other state parameters. This peculiarity in
behaviour of entropy leads to the idea that the
actual entropy change over a given length may
be replaced by a linear approximation. This is
quite advantageous. We use this approach as
the basis of a new quantitative method of
investigation of an energy dissipation process.
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Natural as it is, the idea of a linear law of
entropy change over the length is, of course, a
special hypothesis (“linearity hypothesis’”) and
must be verified experimentally.

2. ENTROPY METHOD

The proposed method of studying energy
dissipation in a moving medium, which is
referred to as “the entropy method”, is con-
sidered in detail in [2]. Here we shall confine
ourselves, therefore, to a short account of the
principles.

Under the conditions of an adiabatic flow the
amount of dissipated energy may be presented
as

dly=Tds 0
where d/y is the friction work on an elementary
portion related to a mass unit of a moving
medium, ds is the corresponding entropy change,
T is the thermodynamic temperature.

Let us reduce equation (1) to dimensionless
form. And it will be considered that the equa-
tions valid for an ideal-gas state may be applied
to a moving medium. We obtain

diy
RT,

=rdo

(1)
where T, is the temperature at a critical section,

T k+1{, k—1\,
’*F““?‘@ k+J*

*

is the dimensionless temperature, a, is the critical
velocity, R is the gas constant.

Note, that here the dimensionless temperature
is related to the temperature in the critical
condition. It differs from a normally applied
dimensionless temperature (related to the stag-
nation temperature) by the factor (k + 1)/2.

Now we may express do in terms of dimension-
less variables [1] and get

d_ldev
CE=IT T

hence, due to the law of constant mass flow,

1 dTr dw dF

=i TtwTTF
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In dimensionless parameters this equation may
be arranged to give

1 dr, dx df
b=zt xtp
or
do = d In (fA+Y/ (-D), @)
Denote
= At e, ®
Then
do=dIn x/} = %ﬁ (€))

Apparently, it is in many respects more con-
venient to use the value ¢ than o. As it follows
directly from equation (3) at a critical section
the value ¢ (as well as the allied factors f, A, =
forming it) reduces to unity.

The essential advantage of the system of
reduced parameters lies in the fact that they are
interconnected as single valent functions and
therefore, the prediction of one determines all
of them.

In particular, expressing = in terms of A, we

obtain
k—1 \Y@&-
)\2
=y

1/ (k-1)
K= (k_+_1) ,

=K (1-7 ©

where

2

Now on the basis of the linearity hypothesis
we introduce a special value i by the equation

do_dln¥_ const

AT AT 0
For the entropy method the coefficient u
assumes the value of a fundamental character-
istic of hydrodynamic properties of a channel.
Further relationships are obtained quite
easily. Assuming ¥ = 0 for a critical section, we
get from equation (7)

In¢ = pux,
or .
b= e, ®
1t is useful to give this result in another form.
Under the conditions of isentropic flow
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¥ = const. =1
and, correspondingly,
1
f:‘/\Tu(k—f)'
Therefore
Ay —

8

Note that the value 1/f; for the given A equals the
corresponding value of the gas dynamic function
q.

Substituting this expression into equation (3),

we get
_f
=5
Now equation (7) is reduced to the form

fo =S, ©)

Equation (9) refers to the relationship between
areas (equation of areas) determining the flow
expansion ratio under the conditions of a real
and equivalent flow (for which the velocity
curves A = f(X) are identical). However, one
should be aware that at the same time the value
fs is a certain gas dynamic function which is in
a mutual single valent relationship with the
reduced medium parameters

/

eg fs = k—1 UG
K)\(l RS )\2) ’

The real meaning of the equation consists, there-
fore, in establishing the law for the variation in
flow over the length of channel (¥) for a given
profile (the form of the function f = f(X) is
assumed to be known from the boundary condi-
tions). The problem is solved. Equation (9),
however, contains the coefficient p which serves
as a constant parameter and should be predicted.
This question needs special consideration.

3. SOME EXPERIMENTAL RESULTS

The coefficient p is determined by equation
(7) in the form:

~d In ¢

F=aw
Thus, the problem reduces to determination of
the form of the function ¥(x). It is immediately
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seen from equation (6) that distribution of the
function ¢ along the axis is conditioned by the
laws of a conjugated change of the cross section
and parameters of the flow over the length of a
channel (for the character of the relation be-
tween change in flow parameters and that of a
channel profile is dependent on the development
of the energy dissipation process). Consequently,
in each particular case the determination of the
form of the function = ¢(X) reduces to
establishing the relation between A(X) and f(x).
Such a co-ordination of the values A and f may
be realized on the basis of experimental data
which at present can be carried out with adequate
accuracy [1, 2, 3].

The method applied is based on the static
pressure (p) distribution over the length of a
channel and, consequently, the experimental
part consists in determining the shape of the
pressure curve. Appropriate measurements are
taken with the help of a “string-type” probe
stretched along the axis of a channel [1]. Experi-
mental data available at present allow some
reliable conclusions to be drawn and, in the
first place, assessment to be made of the reliabil-
ity of the linearity hypothesis and of the regions
to which it applies.

In Figs. 1 and 2, diagrams which were the
first to illustrate the validity of the linearity
hypothesis are plotted. They represent a very
descriptive form of verification of the fact that
the law of a velocity change over the length of a
channel, obtained from calculation with the
assumption of the constant coefficient y, agrees
with the experimental curve. The scheme of
plotting consists of the following. In the A — %
plane the results of calculation are given in the
form of a family of curves with the parameter u.
The curves corresponding to monotonically
decreasing values of p are located one above the
other. The curve of the isentropic state change
corresponding to the value u = 0 makes up the
upper border of the family. Experimental points
are plotted on this very plane.

Figure 1 represents the results obtained from
an investigation of a near-sonic flow in an exit
portion of a tube with a constant cross section.
Note that under these conditions, despite the
absence of geometric effects, a change of para-
meters along the axis of a channel occurs already
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Fic. 1. Analytical curves and experimental points for A == f(X) at various values of u at the
exit portion of a cylindrical tube.
@ C < rregime 4, Re = 7-00 X 10°; G = 0-249 kg/s
X % regime 9, Re = 625 x 105; G = 0222 kg/s

sufficiently rapidly. Therefore, the considerations
which lie in the basis of the linearity hypothesis
hold true. The relations are simpler in the case of
a channel of a constant cross section. Apparently,
in this case we must assume that /=1 and
correspondingly, ¢ = AtV %1, The line A = 1
is the upper boundary of the family. It is
distinctly seen from the charts that, despite the
density of the network (the interval for u is about
5 per cent), experimental points are located on
narrow strips bounded by adjacent curves over
a considerable range right up to values of A of
the order 0:92.

Figure 2 refers to the case of a supersonic
flow in an axisymmetric channel of a small
conicity. It is easy to see that in this case theo-
retical and experimental results agree well be-
tween themselves. Experimental points give a
quite distinct curve which over its whole length
can be referred to the same family (obtained by
calculation), the parameter x being of the value
close to 0-014. Further experiments on super-
sonic nozzles of small (but different) conicity
convincingly proved the assumption that the

coefficient p is constant for the whole investi-
gated range of A (up to the values of A of the
order 1-5). The obtained values to, of u lie
within the comparatively short interval from
0-012 to 0-018.

The region close to the velocity of sound (e.g.
from A ==0-92) requires special consideration.
It is easy to see that in this case experimental
points have a steeper initial gradient than the
analytical curves. Such a distribution of experi-
mental points should be, apparently, attributed to
the fact, that the intensity of energy dissipation
decreases under the present conditions occur-
ing near the critical state. No other explanations
of the studied peculiarity in the position of
experimental points are admissible since the
coefficient i is directly related to the intensity
of dissipation. Therefore, in contrast to the
considerations on the possible causes of the
sharp decrease in the resistance coefficient [1],
we state here that the decrease in the coefficient
p is caused by some real physical effect that
results in weakening of dissipation mechanism.
The peculiarity in behaviour of the coefficient p
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FiG. 2. Analytical curves and experimental points for A = f(¥) at various values of g in a
channel of a variable cross section (conicity angle = 1°27"),

makes us think of turbulence attenuation as a
possible source peculiar to the hydrodynamic
situation of a transonic region. This idea is con-
firmed by some other experimental facts ob-
served in flows with velocities highly close to the
velocity of sound (such as the unusual character
of a flow round blunt bodies, laminarization of
a velocity profile, change in velocity oscillo-
grams). It is natural to relate the effect of
attenuation to the initial cause, i.e. to the action
of the considerable negative pressure gradients
typical of near-critical states. Such an assump-
tion as our idea of turbulence attenuation,
touching upon the very basic properties of a
flow and having extremely far-reaching implica-
tions, should be, of course, very thoroughly
founded. With appropriate caution therefore,
we advance it for the present as a preliminary
hypothesis.

4, ENTROPY METHOD AND A
TWO-DIMENSIONAL FLOW MODEL

The entropy method in its basic concept,
appertains to a one-dimensional theory. This,
however, does not exclude it from being applied
to studying the problems occuring clearly out-
side those of a one-dimensional model. We will
show that application of the entropy method
makes it possible to find a very simple way for
solving the main problem of the two-dimensional
theory calculation of attenuation thickness [4].

We will deal with the case of a flow along a
conical supersonic nozzle, i.e. along an axisym-
metrical short channel (a flow with boundary
layers not closed up), the attenuation thickness
8* may be given, according to the definition, as

* =R—-R (10)
where R and R’ are radii of cross sections (Fand
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F’) corresponding to the conditions of real and
ideal (non-viscous) flow. These conditions are
connected between themselves by the condition
that the mass flow and the velocity distribution
along the length of the axis and of static pressure
should be identical. The problem is thus reduced
to determination of R’ for a given R. We may
solve it easily with the help of the entropy
method. And, as it is usually assumed, we shall
neglect energy dissipation in the subsonic por-
tion of the nozzle, i.e. we shall assume that a
boundary layer starts growing from the critical
cross section.

Compare three different flow patterns: real
flow, ideal flow and equivalent isentropic flow.
Under real flow conditions to each given section
(i.e. to each section x or %) there is assigned
definite values of the parameters, which have
been averaged in accordance with the single
dimensional model: velocity w or A, temperature
T, #, density p, 5/p,, and also those related to
the potential flow region (isentropic) according
to two dimensional representations: w (or A), T
(or 7), p (or (p/py)). For pressure, of course, only
one value of p or p/p, is possible. Moreover, the
area of a cross section F = «R? (or f) is intro-
duced. With regard to two other cases (which
we understand to be in strict accordance with
the definitions given above) such a duality does
not take place. An ideal flow is represented by
the values of wvelocity w'(}'), temperature
T'(+"), density p'(p'/po), pressure p'(p’/p,) and
cross sectional area F' = wR'*(f"). Correspond-
ingly, for an isentropic flow we have the values
wslAs), Ts(7s), ps(ps/po)s Ps(Ps/pe) and Fi(f;).
According to the definition we should have:
W =wX =T =T(r"=71);p' = p;p' =p
and equally ws = w(As = 2); T = T(rs = 7).
Moreover, on the basis of area equation (9) one
gets f; = fe~+%, Finally, all three cases are con-
nected by the condition of identity of mass flow
G =G =G.

Now it is easy to see how the solution can
proceed. To determine R’ it is sufficient to find
A = X since under the conditions of an ideal
flow the reduced area (and then F' = f'F, ) IS
directly expressed in terms of the reduced
velocity. And for the ideal flow the reduced
veloc1ty may be simply related to pressure
since it follows from T/T, = (p/p,)*-V/k that
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pY\®IE  E—1
(‘) =1t

-G

We see that the problem is reduced to the deter-
mination of static pressure under the conditions
of a real flow. Here the following method of a
solution is possible. The demand of identity of
the rate (Gs = G) leads to the relation F = Fyps,
hence

F, -
p=psp =PpseE (1n
However, ps is expressed in terms of A; = A as
k—1 \¥@&D
Ps =Dy (l—m)\.) .

As to the value A, it may be found directly as a
function of the reduced area in an isentropic
flow f; = fe &,

Thus, there is the following procedure of
solution. First, we determine f; by the given
area of a real channel. Then, from the tables of
gas dynamic functions we find A; = A and p,.
Further, from equation (11) we obtain the real
pressure p = p’ and the dimensionless velocity
A" under the conditions of an ideal flow (equal
to the reduced velocity of a potential core of a
flow). From the tables of gas dynamic functions
we define /' and then F’ and 8* in accordance
with the values of A’ = A obtained. We see that
the solution of the problem is very simple. The
problem is regarded, of course, as purely
theoretical and reduces to the determination of
the attenuation thickness &*(%) by the given
constant value of p. Any considerations on the
physical conditions of the boundary layer
formation and, in particular on the relation of
flow regime in a boundary layer to the value u,
do not enter the scope of this problem. Note,
that equation (11), being an analogue of area
equation (9), is of interest in itself, since it
allows one to plot an analytical curve of static
pressure distribution along the axis of a channel.
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Abstract—An entropy method is presented for determining energy dissipation in a moving fluid.
Methods for calculation of a transonic adiabatic flow are given. Comparison between the theoretical
and experimental results shows that the assumptions, being the basis of the theory, are well confirmed
in a transonic flow region. The effect of turbulence attenuation during transition through the velocity
of sound is noted and discussed. The methods for determining the thickness of the attenuation
thickness according to data from single-dimensional blow-down testing are considered.

Résumé—Cet article présente une méthode “‘entropique” permettant de déterminer la dissipation

d’énergie dans un fluide en écoulement. Des méthodes de calcul d’un écoulement transonique adia-

batique sont données. La comparaison entre les résultats théoriques et expérimentaux montre que les

hypothéses, qui sont a la base de la théorie, se confirment bien dans la région d’écoulement transo-

nique. L’effet d’atténuation de la turbulence au cours de la transition sonique est mis en évidence et

étudié. Les méthodes de détermination de 'épaisseur d’atténuation, a partir de données expérimentales
relatives 4 un écoulement unidimensionnel sont analysées.

Zusammenfassung—Die Energieverteilung in einer bewegten Fliissigkeit wird mit einer Entropie-

methode bestimmt. Berechnungsmethoden fiir die adiabate Strémung im Bereich der Schallgeschwin-

digkeit sind angegeben. Ein Vergleich der theoretischen mit experimentellen Ergebnissen gibt fiir die

als Grundlage der Theorie gemachten Annahmen gute Ubereinstimmung im Bereich der Schall-

geschwindigkeit. Der Effekt der wihrend des Durchgangs durch die Schallgeschwindigkeit fest-

gestellten Turbulenzdimpfung wurde diskutiert. Die Methoden zur Ermittlung der Démpfungsbreite
aus Daten von eindimensionalen Strémungsversuchen sind beriicksichtigt.



